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SUMMARY 
The fundamental frequency of v ib ra t ion  of an  Euler-Bernoulli o r  a Timo- 
shenko beam of a spec i f i ed  constant volume i s  maximized sub jec t  t o  t h e  con- 
s t r a i n t  t h a t  under a prescribed loading the  maximum stress o r  maximum deflec- 
t i o n  a t  any poin t  along t h e  beam a x i s  w i l l  no t  exceed a spec i f i ed  value. I n  
con t r a s t  w i th  t h e  inequa l i ty  cons t r a in t  which cont ro ls  t he  minimum cross- 
sec t ion ,  t h e  present  i nequa l i ty  cons t r a in t s  lead t o  more meaningful designs. 
The inequa l i ty  cons t r a in t  on stresses i s  as e a s i l y  implemented as the minimum 
cross-section cons t r a in t  bu t  t h e  inequa l i ty  c o n s t r a i n t  on de f l ec t ion  uses a 
treatment which i s  an extension of t he  matrix p a r t i t i o n i n g  technique of pre- 
s c r ib ing  displacements i n  f in i te -e lement  ana lys i s .  
INTRODUCTION 
The problem of maximizing the  fundamental frequency of v ib ra t ion  of beams 
of a f ixed ,  prescribed volume and l ikewise  i ts  dual problem have been inves t i -  
gated by a g rea t  many inves t iga to r s  (see reference 1). 
consensus has been reached however, on the  existence of non- t r iv i a l  so lu t ions  
f o r  beams wi th  ce r t a in  types of boundary conditions. While the  numerical 
experiments do s t rongly  emphasize t h e  ex is tence  of such so lu t ions  (see r e f s .  
2 and 3 ) ,  mathematical proofs have been constructed (see r e f .  4) t o  prove 
otherwise. This s i t u a t i o n  i s  r a t h e r  unique s i n c e  more o f t en  than not i t  is  
the  dismal f a i l u r e  of t h e  numerical techniques i n  obta in ing  a so lu t ion ,  which 
i s  only presumed t o  e x i s t ,  t h a t  c a l l s  upon mathematics t o  e s t a b l i s h  i t s  exis- 
tence o r  non-existence. 
It appears t ha t  no 
The d i f f i c u l t y  stems from s i n g u l a r i t i e s  which r e s u l t  from vanishing s t i f f -  
ness a t  some poin ts  along t h e  beam axis. Although a t  such poin ts  the curvature 
w , ~  assumes an i n f i n i t e  value,the products I ( X ) W , ~ ~  and I(x)w,& are nonethe- 
less f i n i t e  a t  such poin ts .  Furthermore, t he  function I(x)w,& i s  required t o  
be in t eg rab le  over t h e  length of the beam. Fallacies of the  mathematical 
proofs, i f  any, could w e l l  r e s u l t  from a f a i l u r e  t o  take  proper account of 
these  p rope r t i e s  f o r  t he  functions I(x) and w(x). 
Finite-element so lu t ions  of re ference  3, which inc ident ly  emphasize 
existence even i n  the  absence of any inequa l i ty  cons t r a in t s  appear t o  have 
very l imi ted  p r a c t i c a l  value because t h e  r e s u l t i n g  designs are f a  from being 
use fu l  as load-carrying members. Cont ro l l ing  t h e  minimum cross  sec t ion  of the 
beam does not  appear t o  be  t h e  answer. 
loading, presumably the  worst loading, without exceeding a prescribed level of 
The optimized beammust s u s t a i n  a given 
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stress o r  a prescribed value f o r  t h e  maximum def lec t ion .  I n  general, t he  
cross sec t ion  with the  least area is  not  necessa r i ly  t h e  c r i t i c a l  s e c t i o n  i n  
terms of stress nor  are t h e  cons t r a in t s  on def lec t ions  m e t  i n  a r a t i o n a l  and 
an expeditious manner simply by con t ro l l i ng  the minimum cross-sectional area 
of t he  beam. 
To generate more p r a c t i c a l  des igns , i t  is deemed appropr ia te  t o  r equ i r e  
t h a t  t h e  optimum beam shall not  ( i )  be s t r e s s e d  t o  more than a spec i f i ed  m u l t i -  
p l e  of t he  maximum stress o r  ( i i )  d e f l e c t  more than a spec i f i ed  mul t ip l e  of 
the  maximum de f l ec t ion  of t he  corresponding uniform beam of the same volume. 
The present  formulation allows the  spec i f i ca t ion  of an a r b i t r a r y  vec tor  of 
stresses o r  of de f l ec t ions ,  with those corresponding t o  the  uniform beam case 
being spec ia l i za t ions  of t he  a r b i t r a r i l y  s p e c i f i e d  vectors.  
PROBLEM FORMULATION 
The formulation is  r e s t r i c t e d  t o  d i s c r e t i z e d  f in i te -e lement  models of 
beams. 
case of a Timoshenko beam, t h e  l a t te r  w i l l  be implied i n  t h e  formulation. 
Since the  case of an Euler-Bernoulli beam can be obtained as a special 
The approach i s  exac t ly  s i m i l a r  t o  the  one used i n  r e f .  3.  It cons is t s  
of maximizing t h e  minimum value of the  Rayleigh quot ien t ,  u2, f o r  a Timoshenko 
beam sub jec t  t o  the  equa l i ty  and the  inequa l i ty  cons t ra in ts .  For a d i s c r e t i -  
zed finite-element model 
where [K] and [MI are, respectively, the  assembled s t i f f n e s s  and m a s s  matrices 
derived on the  b a s i s  of a uniform cross-section beam element and {q) i s  the  
mode shape of f r e e  v ib ra t ion .  In  the  case of a Timoshenko beam the  s t i f f n e s s  
matrix accounts f o r  t h e  e f f e c t s  of shear deformations and the  m a s s  matrix 
accounts f o r  t he  e f f e c t s  of ro ta ry  i n e r t i a .  Furthermore, f o r  a general  case, 
the  s t i f f n e s s  mat r ix  may include t h e  e f f e c t  of a spec i f i ed  d i s t r i b u t i o n  of 
a x i a l  loading and e l a s t i c  foundation and l ikewise the  mass matrix may include 
the e f f e c t s  of a spec i f i ed  d i s t r i b u t i o n  of non-s t r u c t u r a l  mass. 
The optimization is  t o  be ca r r i ed  out sub jec t  t o  t h e  equal i ty  cons t r a in t  
of a f ixed ,  given t o t a l  volume V which f o r  a beam with elements each of 
length R i  and cross-sectional area A i ,  i=1,2 ... m,reduces t o  
m 
C A R = V  i i  i= 1 
The required r e l a t i o n  between the  cross-sectional area and t h e  moment of i n e r t i a  
i s  provided by a consideration of cross-sectional shapes f o r  which 
(3)  
n 
Ii = pAi 
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p>O and n being appropriate constants depending upon t h e  type of cross sec t ion .  
Stress Constraint  
It is required t h a t  f o r  a beam s a t i s f y i n g  eqs. (1) through (3), t h e  Ray- 
l e igh  quot ien t  of eq. (1) be maximized sub jec t  t o  the  cons t r a in t  t h a t  
ea1 - < k; ea1 (4) 
where { 0 3  is  the  vectGr of nodal stresses f o r  t he  optimum beam under a pre- 
sc r ibed  loading and {a) is  the vec tor  of prescribed stresses. Since stress a t  
an i n t e r n a l  node is discontinuous, t he  vec tors  {a1 and {a) are assumed t o  be ,of 
s i z e  2m by one. 
A beam element wi th  a cubic t ransverse  displacement f i e l d  has a l i n e a r  
va r i a t ion  of bending moment wi th in  an element. 
moment wi th in  an element can occur only a t  the  two nodes and hence,as i n  
eq. (4),only the nodal stresses need be monitored f o r  t he  purposes of imple- 
menting the  stress cons t r a in t s .  
Thus, t h e  maximum bending 
The stress cli due t o  a bending moment Mli a t  node 1 of element i is 
For cross-sections spec i f i ed  by eq. (3), i t  can be e a s i l y  v e r i f i e d  t h a t  
where q u a n t i t i e s  with supe r sc r ip t  0 p e r t a i n  t o  t h e  uniform beam of t o t a l  
volume V. Equations (5) and (6) together imply t h a t  
ea1 = e- M I  
( 1 ) K  
n+l 




The inequa l i ty  c o n s t r a i n t ,  eq. ( 8 ) ,  can be transformed i n t o  an equivalent 
equa l i ty  cons t r a in t  by Valentine's  p r inc ip l e .  
is  the  o r i g i n a l  func t iona l  of eq. (1) modified by the  two equal i ty  cons t r a in t s  
with the a i d  of undetermined Lagrange mul t ip l i e r s  is constructed. I n  terms of 
An a u x i l i a r y  func t iona l  which 
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non-dimensional quantities this functional can be shown to be 
where 
(a2) * = square of the non-dimensional fundamental frequency 
= -  y A0R4u2 
EIo 
A* = non-dimensional cross-sectional area 
I* = non-dimensional cross-sectional noment of inertia 
I 
I 
= -  
0 
M* = non-dimensional bending moment 
M R  
E1 
= -  
0 
-. 
ai* = non-dimensional stress 
.., 
ai& 
= -  
0 Ec 
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0 0  0 where 2 ,  A , I, and c a re , respec t ive ly , the  length ,  the  cross-sectional area, 
moment of i n e r t i a  and d is tance  of t h e  extreme f i b e r  from the  cen t ro ida l  axis 
of t he  cross-section of t he  equivalent uniform beam of volume V. 
are the  non-dimensional a u x i l i a r y  functions 
form t h e  inequal i ty  cons t r a in t s  i n t o  equivalent equa l i ty  cons t ra in ts .  
$? and $$ 
of C=x/2, which trans- 
The requirement of t he  vanishing of t h e  v a r i a t i o n  of (w2)* with respect 
and $* y i e l d s  t h e  necessary opt imal i ty  conditions. Based on t h e  t o  {q*}, 
work of r e f .  3, these  conditions can be shown t o  be t h e  following: 
I n  those  portions of t he  beam where the inequa l i ty  cons t r a in t  is  not 
e f fec t ive ,  t h e  conditions 
(nuti + UZi - T t i  - nT* )/V = constant,  i = 1 , 2 . .  .m (11) r i  i 
hold t rue ;  while i n  o ther  por t ions  the  stress cons t r a in t  is  e f f e c t i v e .  
eq. (11) U*. and U*. denote non-dimensional s t r a i n  energies due t o  pure 
bending an9lshear 
s i o n a l  k i n e t i c  energy d e n s i t i e s  due t o  t r a n s l a t i o n a l  
resPectively,and Vi denotes the  volume of the  i- th element. 
I n  
S1 deformations, respec t ive ly ;  T*. and ’E*. denote non-dimen- 
t l  an3‘rotax-y i n e r t i a ,  
Implementation of the  stress inequa l i ty  cons t r a in t  i n  t h e  optimization 
procedure proceeds i n  a manner very similar ‘to t he  one used f o r  t h e  minimum 
cross-section inequa l i ty  cons t r a in t  of r e f .  3. The moments of i n e r t i a  of 
elements leading t o  improved designs are determined by recurrence r e l a t i o n s  
designed t o  force  the  s p e c i f i c  energy density of eq. (11) t o  b e  a constant 
f o r  a l l  elements assuming i n i t i a l l y  that none of t h e  elements are governed 
by any inequa l i ty  cons t ra in t .  (See re ference  3 f o r  d e t a i l s  of these recurrence 
re la t ions . )  
i s  e f f e c t i v e  o r  not requi res  a complete s t a t i c  stress ana lys is  of the  beam 
t o  obta in  t h e  vector of nodal stresses. 
those elements which v i o l a t e  t h e  cons t r a in t  are then set  equal t o  
I n  each i t e r a t i o n ,  however, determining i f  t h e  stress cons t ra in t  
The cross-sectional i n e r t i a s  of 
The cross-sectional i n e r t i a s  of t h e  o ther  elements which do not v i o l a t e  t he  
inequa l i ty  cons t r a in t  a r e  adjusted t o  m e e t  the  volume equa l i ty  cons t ra in t ,  
eq. (2). 
Although f o r  s t a t i c a l l y  determinate beams eq. (12) guarantees the  
s a t i s f a c t i o n  of the stress cons t r a in t  i n  any given i t e r a t i o n  of t h e  frequency 
optimization the  same is no t  t r u e  of s t a t i c a l l y  indeterminate beams. For t h e  
la t ter ,  one could conceivably i terate within the  s t a t i c  stress ana lys is  t o  
determine the  appropr ia te  element s t i f f n e s s e s  s o  as t o  s a t i s f y  the  stress 
cons t r a in t s  t o  within a 
na ture  of t h e  frequency 
warranted e spec ia l ly  i f  
small enough. 
des i red  tolerance.  However, i n  view of t h e  i terative 
optimization procedure, such a d d i t i o n a l  e f f o r t  is not  
s t i f f n e s s  changes i n  successive i t e r a t i o n s  are kept  
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I n  v i e w  of t h e  equa l i ty  cons t r a in t ,  eq. (Z), i t  is obvious t h a t  t he  
maximum number of elements which may be governed by t h i s  cons t ra in t  is  a t  
most n r l  f o r  a cons i s t en t  constrained optimization. 
Deflection Constraint  
In  t h i s  case i t  is required that f o r  a beam s a t i s f y i n g  eqs. (1) through 
( 3 ) ,  t h e  Rayleigh quot ien t  of eq. (1) be maximized sub jec t  t o  the  cons t r a in t  
that 
where (r} i s  the  vector of nodal displacements f o r  t h e  optimum beam under a 
prescribed loading and (rl i s  the  vector of prescribed displacements. Both 
vec tors  are of s i z e  (Zm4-2) by one. A s  with t h e  stress cons t r a in t  t h e  maximum 
number of elements whose cross-sectional moment of i n e r t i a  can be a r b i t r a r i l y  
spec i f i ed  i s  a t  most m-1. Hence, under the  l i m i t i n g  case of a s t r i c t  equal i ty  
i n  eq. (13), t he  number of equations which imply prescribed displacements can- 
not exceed m-1 f o r  a cons is ten t  constrained optimization. 
I n  t h i s  case,  the  aux i l i a ry  func t iona l  i n  terms of non-dimensional quan- 
t i t i e s  i s  
where 
re = ri/& 
= r  
fo r  t r a n s l a t i o n a l  degree of freedom 
fo r  r o t a t i o n a l  degree of freedom 
1 
i 
Proceeding as before t h e  opt imal i ty  conditions can be shown t o  be eq. (11) i n  
those portions of t h e  beam f o r  which the  de f l ec t ion  cons t r a in t  is  no t  e f f e c t i v e ;  
while i n  o ther  por t ions  the de f l ec t ion  cons t r a in t  i s  e f f e c t i v e .  Since the  
t ransverse  displacement f i e l d  varies cubica l ly  over t he  length of t he  element, 
s a t i s f a c t i o n  of t he  cons t r a in t  a t  the  two nodes of the  element does no t  
guarantee t h a t  t he  cons t r a in t  is  not  v io l a t ed  i n  the  i n t e r i o r ,  e spec ia l ly  i f  
l a rge  changes i n  curvatures take place wi th in  the  element. This is circumvented 
by r e f i n i n g  the  d i s c r e t i z a t i o n  s u f f i c i e n t l y .  
S t r i c t l y  speaking, the  implementation of t h e  stress cons t r a in t  is, i n  
genera l ,  an i m p l i c i t ,  nonlinear phenomenon which i s  rendered e x p l i c i t  by the  use 
of a very simple and approximate r e l a t i o n ,  eq. (12). No such approximations 
are necessary f o r  t he  implementation of de f l ec t ion  cons t r a in t s .  The problem 
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i n  t h i s  case reduces t o  determing element s t i f  fnesses which guarantee 
prescribed displacements under prescribed loads. 
matrix of t he  supported beam and l e t  {r*) denote those nodal displacements which L3 v i o l a t e  t he  cons t r a in t s ,  eqg(13). 
placement and load vec tors  are accordingly p a r t i t i o n e d  as 
L e t  [Kg]  denote the  assembled 
The matrix [K*] and t h e  corresponding dis- 
where {Q*) and {Q*) are the  vec tors  of externa 
l a t t e r  bging associated wi th  those degrees of freedom which v i o l a t e  t he  
d&splacement cons t r a in t s  and are accordingly prescribed as being equal t o  
trE3. Equations (16) y i e l d  
y prescribed loads w-th the  
Simultaneous so lu t ion  of equations (17 a )  and (17 .b) y i e l d s  
I f  the elements of t h e  matrix [K* ] are assumed t o  be functions of moments of 
i n e r t i a  of as many beam elements as the  number of prescribed displacements 
{;*.),then the  system of equations (18) can be uniquely solved f o r  t he  unknown 
mokents of i n e r t i a  which guarantee t h e  s a t i s f a c t i o n  of t he  de f l ec t ion  cons t r a in t ,  
eq. (13). 
B B  
Those displacements which v i o l a t e  t h e  cons t r a in t s  are prescribed as being 
equal t o  t h e  spec i f i ed  values.  
e x i s t  f o r  t h e  spec i f i ca t ion  of s t i f f n e s s e s  with prescr ibed  displacements. I f  
both the  degrees of freedom of a j o i n t  are prescribed,then the  moments of 
i n e r t i a  of both elements common t o  the  j o i n t  must be prescribed. However, i f  
a s i n g l e  degree of freedom is prescribed a t  a j o i n t s t h e n  i t  is  no t  obvious 
which of t h e  two elements should have a prescr ibed  s t i f f n e s s .  Herein may l i e  
the  nonuniqueness of t he  r e s u l t i n g  so lu t ion  f o r  beams wi th  c e r t a i n  boundary 
conditions with c e r t a i n  loadings. 
decision should be based on the  magnitudes of displacements of one j o i n t  
r e l a t i v e  t o  t h e  o ther ,  s ince  such relative displacements are functions of the 
proper t ies  of t h e  element alone. Accordingly, relative displacements of j o i n t s ,  
on e i t h e r  s i d e  of t he  j o i n t  whose displacement is prescribed, are determined. 
The element with t h e  j o i n t  which has a higher relative displacement is se- 
l ec t ed  f o r  t h e  purposes of prescr ib ing  t h e  moment of i n e r t i a .  
Invar iab ly ,  more than one alternative w i l l  
A r a t i o n a l  c r i t e r i o n  f o r  making such a 
The procedure i s  s t ra ight forward  from t h i s  po in t  onwards. The moments of 
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i n e r t i a  of t h e  cons t r a ined  elements which guarantee the s a t i s f a c t i o n  of t h e  
d e f l e c t i o n  c o n s t r a i n t s  are obta ined  by t h e  s o l u t i o n  of eq. (18). 
of t h e  remaining elements i n i t i a l l y  obta ined  through t h e  use  of energy based 
recur rence  r e l a t i o n  of r e fe rence  3 are f i n a l l y  ad jus t ed  t o  s a t i s f y  t h e  
e q u a l i t y  volume c o n s t r a i n t ,  eq.  (2 ) .  
The i n e r t i a s  
RESULTS AND DISCUSSION 
I n  gene ra l ,  because of t h e  n e c e s s i t y  of s a t i s f y i n g  t h e  e q u a l i t y  c o n s t r a i n t ,  
eqs .  (12) and (18) do n o t  guarantee t h e  s a t i s f a c t i o n  of t h e  stress and def lec-  
t i o n  c o n s t r a i n t s  exac t ly .  This  causes t h e  opt imiza t ion  procedure t o  f a i l  t o  
converge o r  converge extremely s lowly t o  t h e  optimum s o l u t i o n .  This is avoided 
by modifying t h e  i n e q u a l i t y  c o n s t r a i n t s  w i t h  a m u l t i p l i c a t i v e  c o n s t r a i n t  
f a c t o r ,  Rf3, which tends t o  un i ty  w i t h  convergence t o  t h e  optimum s o l u t i o n .  The 
parameter R i s  chosen t o  be t h e  least of t h e  r a t i o s  of t h e  p re sc r ibed  dis-  
placements t o  t h e  a c t u a l  displacements i n  t h e  case of displacement c o n s t r a i n t s  
o r  t o  be  t h e  maximum of t h e  r a t i o s  of t h e  a c t u a l  stress t o  t h e  p re sc r ibed  
stress i n  t h e  case of stress c o n s t r a i n t s .  f3 is  chosen t o  be  g r e a t e r  than 
uni ty .  Inc reas ing ly  h ighe r  va lues  of f3 imply inc reas ing ly  s t i f f e r  designs.  
F igures  1 and 2 po r t r ay  t h e  e f f e c t s  of t h e  implementation of t h e  stress 
c o n s t r a i n t s  on t h e  optimum design of v i b r a t i n g  beams w i t h  two d i f f e r e n t  suppor t  
condi t ions .  F igure  3 illustrates t h e  e f f e c t  of implementing t h e  d e f l e c t i o n  
c o n s t r a i n t  on t h e  optimum design of a v i b r a t i n g  c a n t i l e v e r  beam. 
F igure  1 cons iders  t h e  case of  a c a n t i l e v e r  beam sub jec t ed  t o  two 
d i f f e r e n t  types of loading  f o r  t h e  implementation of stress c o n s t r a i n t s  i n  
the  opt imiza t ion  of i t s  fundamental frequency of f r e e  v ib ra t ion .  
t h e  loading c o n s i s t s  of a concent ra ted  load a t  t h e  t i p  wi th  kg=5 and (a)= 
(‘Jmax)yoad (1). 
bending moment a t  the  t i p  w i t h  kz=5 and {d=(amax) toad  (1). 
c o n s t r a i n t  corresponding t o  t h e  moment loading  i s  much more severe and 
accordingly l eads  t o  a d r a s t i c  reduct ion  of t h e  optimized fundamental frequency. 
A comparison of t h e s e  designs wi th  t h e  optimized beam wi thout  t hese  c o n s t r a i n t s  
emphasizes t h e  importance of such c o n s t r a i n t s  i n  opt imal  design. 
I n  one case  
I n  t h e  o t h e r  case t h e  loading  c o n s i s t s  of a concent ra ted  
A s  expected,  the 
cen 
kz . 
Figure  2 cons iders  t h e  case of-a  clamped-clamped beam sub jec t ed  to. a con- 
t r a t e d  load a t  t h e  c e n t e r  w i th  { a } = ( ~ ~ ~ , ) ~ { l )  f o r  two d i s t i n c t  va lues  of 
I f  i t  w e r e  n o t  f o r  t h e  stress c o n s t r a i n t s , t h e  moment of i n e r t i a  would 
a iproach  ze ro  a t  t h e  c e n t e r  of t h e  beam as i n  r e fe rence  3. Sever i ty  of  t h e  
stress c o n s t r a i n t s  b r ings  about  increased  q u a n t i t i e s  of material t o  be  disposed 
around t h e  c e n t e r  of t h e  beam. 
F igure  3 i l l u s t r a t e s  t h e  material d i s t r i b u t i o n  of an  o timum c a n t i l e v e r  
beam s u b j e c t  t o  t h e  d e f l e c t i o n  i n e q u a l i t y  c o n s t r a i n t  w i t h  k6=5 9 and (r)={r}’load 
under a concent ra ted  load a t  t h e  f r e e  end of t h e  beam. S ince  no  s i n g u l a r i t y  
e x i s t s  w i t h  i n e q u a l i t y  c o n s t r a i n t s  of e i t h e r  t h e  displacement o r  stress type  
and s i n c e  t h e  d e f l e c t e d  shape of t h e  beam under a concent ra ted  end load  o r  a 
moment involves  no change of curva ture ,  i t  can b e  expected t h a t  t h e  s o l u t i o n  
5 16 
obta ined  using only t e n  elements f o r  t h e  cantilever beam model is a good 
approximation t o  t h e  optimum continuous model. 
I n  conclusion,  i t  may b e  remarked t h a t  w i t h  only a minor change of t h e  
computer l o g i c  t h e  formula t ion  extends q u i t e  e a s i l y  t o  cases wherein both  
d e f l e c t i o n  and stress c o n s t r a i n t s  are s p e c i f i e d  s imultaneously.  
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3.5 1 - NO STRESS CONSTRAINT ( ~f I* = 569.3469 
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Figure  1.- Optimum area d i s t r i b u t i o n  f o r  a beam clamped a t  x=O and 
free a t  x=R under stress c o n s t r a i n t s ;  n=2. 
CONCENTRATE0 CENTRAL LOAD 
---- k, 2 = 5 , (ru? 1* = 2246.6012 
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Figure  2.- Optimum area d i s t r i b u t i o n  f o r  a beam clamped a t  bo th  
ends under stress c o n s t r a i n t s ;  n-2. 
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CONCENTRATED END LOAD 
k f  3 5 ; ( u: I* = 203.3350 
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Figure 3.-  Optimum area distribution for a beam clamped at x=O and 
free at x=R under a deflection'constraint; n=2. 
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